It is shown that a symmetric massless higher-spin field can be described by a traceless tensor field with reduced (transverse) gauge invariance.
Therefore one can expect that the invariance under reduced gauge symmetry may be not sufficient to compensate all extra degrees of freedom. As we show this is not the case. The reason is that the remaining gauge symmetry parameters satisfy the differential transversality conditions ∂ ν ξ νµ 2 ...µ s−1 = 0.
Generally, as we explain in this paper, a partial gauge fixing at the Lagrangian level can give rise to a model which, if treated independently of the original gauge model, may differ from the latter. In particular, Hamiltonian interpretation of the gauge fixed Lagrangian model may differ from that of the original model. This can happen in the case where the gauges and constraints on gauge parameters are differential. Since the transversality condition on the gauge parameter is of this type, a more careful analysis of the counting of the number of degrees of freedom in the model under consideration is needed. The Hamiltonian analysis of Section 5 shows that the partially gauge fixed HS Lagrangian has as many degrees of freedom as the the original Fronsdal model.
The layout of the rest of the paper is as follows. In Section 2 we recall the standard description of massive and massless fields of arbitrary spin. In Section 3, transverse and Weyl invariant Lagrangian is constructed. The proof of equivalence of transverse and Weyl invariant Lagrangian to the Fronsdal's Lagrangian and a generating action are given in Section 4. Hamiltonian analysis and examples are given in section 5.
Free Massless Higher-Spin Fields
A massive totally symmetric spin-s field in the Minkowski space can be described on shell [8] by a totally symmetric tensor field ϕ µ 1 ...µs 3 , that satisfy the conditions
These form the complete set of local Poincare-invariant conditions on ϕ µ 1 ...µs . In the massless m 2 = 0 case a gauge invariance with an on-shell traceless rank-(s − 1)
tensor gauge parameter reduces further the number of physical degrees of freedom. As pointed out by Fierz and Pauli in [9] , for (2.1) to be derivable from a Lagrangian with derivatives of order not greater than two a set of auxiliary fields has 
to be added for s > 1 (in the case of spin-2 considered by Fierz and Pauli this is a scalar auxiliary field ϕ, which together with a traceless ϕ µ 1 µ 2 forms a traceful field φ µ 1 µ 2 = ϕ µ 1 µ 2 + η µ 1 µ 2 ϕ). Auxiliary fields are zero on shell, thus carrying no physical degrees of freedom. For totally symmetric massive fields of integer spins, the Lagrangian formulation with a minimal set of auxiliary fields was worked out by Singh and Hagen in [10] . For a spin-s field they introduced a set of auxiliary fields, which consists of symmetric traceless tensors of ranks s − 2, s − 3, . . . 0. An elegant gauge invariant (Stueckelberg) formulation was proposed by Zinoviev in [11] . (For alternative approaches to massive fields see also [12, 14, 13] and references therein.) The Lagrangian of a spin-s massless field can be obtained [6] in the limit m 2 → 0.
The auxiliary fields of ranks from 0 to (s − 3) decouple while the residual rank-(s−2) traceless auxiliary field ϕ µ 1 ...µ s−2 and the physical rank-s traceless field ϕ µ 1 ...µs form the symmetric field φ µ 1 ..
which makes sense for s ≥ 4. The resulting Lagrangian possesses gauge invariance with a traceless rank-(s − 1) gauge parameter ξ µ 1 ...µ s−1 ,
In the spin-2 case of linearized gravity, the gauge law (2.3) corresponds to linearized diffeomorphisms. Let us write down a most general bilinear action and Lagrangian (modulo total derivatives) of a double traceless field with at most two derivatives as
where
with arbitrary coefficients a, b, c, f, g. For L to describe at least a spin-s field the coefficient a has to be nonzero (so, we set a = 1).
The variation of (2.4) is 6) where Υ = d + 2s − 4 and
The requirement that the action is invariant under (2.3) fixes uniquely [15] all the coefficients a = b = c = f = g.
Transverse and Weyl Invariant Massless HigherSpin Fields
Let us consider a weaker condition on the action imposed by the reduced gauge symmetry (2.3) with the transverse gauge parameter ξ µ 1 ...µ s−1
The invariance of action (2.4) under (5.1) fixes only the ratio a/c = 1 while the rest of the coefficients remains free. This ambiguity can be used to look for another symmetry to kill extra degrees of freedom. Taking into account the doubletracelessness condition (2.2), a use of rank-(s − 2) symmetric traceless gauge parameter ζ µ 1 ...µ s−2 is a natural option
The requirement for (2.4) to be invariant under the additional (Weyl) symmetry (3.9) fixes the rest of coefficients Now we are in a position to check that this theory is unitary and describes the correct number of physical degrees of freedom of a spin-s massless representation of iso(d − 1, 1), thus being equivalent to the conventional spin-s Fronsdal massless theory.
The Spectrum
Having fixed pure algebraic gauge symmetry with parameter ζ µ 1 ...µ s−2 to eliminate the trace of φ µ 1 ...µs one gets the Lagrangian
with, respectively, the equations of motion, gauge transformation law and constraints
To analyze the physical meaning of these equations and gauge transformations it is convenient to use the standard momentum frame
and light-cone coordinates
in which the metric η µν has the form
We use the following notation for components of φ µ 1 ...µs
The system (4.2) reduces to
The first equation of (4.7) implies that φ There is a generating action that gives rise both to the Fronsdal and to the Weyl invariant actions in particular gauges. It can be constructed by introducing a traceless Stueckelberg field χ µ 1 ...µ s−2 of rank-(s − 2) in the Fronsdal action as follows
where φ µ 1 ...µs is a double traceless field. The gauge transformations are
with ε µ 1 ...µ s−2 being a traceless rank-(s−2) gauge parameter. Fixing χ µ 1 ...µ s−2 to zero by the gauge parameter ε µ 1 ...µ s−2 , we obtain the spin-s Fronsdal's Lagrangian. Alternatively, we can fix the trace of φ µ 1 ...µs to zero by the same Stueckelberg parameter ε µ 1 ...µ s−2 . The leftover symmetry is with
Then, gauge fixing the field χ µ 1 ...µ s−2 to zero gives the Lagrangian (4.1) and constraint
Thus it is shown that the generating action action reduces to the transversely invariant action (4.1) and Fronsdal action in particular gauges. A nontrivial question not answered by this analysis is whether the leftover gauge symmetries in a partially gauge fixed model remain gauge symmetries of the latter model treated independently (say, if the original model would not known). Complete answer to this question is provided by the Hamiltonian analysis. To illustrate what can happen let us first consider the spin one example.
5 Hamiltonian analysis
Example of spin one in the temporary gauge
An instructive example is provided by Maxwell electrodynamics formulated in terms of a gauge potential
(5.12)
Imposing the temporary gauge A 0 = 0 at the Lagrangian level we obtain the gauge fixed Lagrangian
Expressing all velocities via momenta we arrive at the unconstrained dynamics with the Hamiltonian
Clearly, the gauge fixed Lagrangian (5.13) describes d − 1 degrees of freedom (2(d − 1) in the phase space). This is to be compared with the d − 2 degrees of freedom (2(d − 2) in the phase space) of the original model. This mismatch has the following origin. One additional phase space degree of freedom comes from the leftover gauge symmetry parameter that solves
Another one is due to the loss of the Gauss law constraint in the theory. Indeed, in electrodynamics, the Gauss law divE = 0 results from the variation of the action (5.12) over A 0 (for simplicity we set electric current equal to zero). This equation is lost in the gauge fixed theory (5.13). From the gauge invariance a weaker condition follows
In the dynamical system (5.13), the equation (5.16) is indeed one of the field equations. But it is not a constraint any more, thus bringing another phase space variable into the game.
The naive equivalence argument that once some gauge is reachable by a gauge transformation it can be imposed at the Lagrangian level because any variation over a gauge fixed variable can be expressed as a combination of gauge symmetry variation and local variation of the unfixed variables is wrong because it neglects the issue of locality. Namely it is not guaranteed that the necessary gauge symmetry transformation is local in terms of gauge symmetry parameters because it may require resolution of some differential equations on the gauge symmetry parameter with respect to time variable. In our example this is manifested by the condition (5.15) . This is why the Gauss law in electrodynamics is not reproduced in the model (5.13) if the latter is treated as an independent dynamical model that does not remember the underlying model from which it was derived.
The general conclusion is that, if treated independently, gauge fixed models (i.e. forgetting the symmetries and field equations of the original model) are guaranteed to be equivalent to the original ones for the gauges that only impose algebraic constraints on the gauge symmetry parameters. This is the case of Stueckelberg fields and gauge symmetries.
The situation with the spin two field considered in [1, 2] and with partially fixed HS gauge fields discussed in this paper is in many respects analogous to the temporary gauge example discussed in this section because it involves the differential constraint on the gauge symmetry parameter. It is therefore instructive to reanalyze the model by the Hamiltonian methods.
Higher spins
Let us consider the spin-2 case in more detail. (The Hamiltonian analysis of nonlinear gravity was originally given in [16] (see also the textbook [17] 
